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Abstract
This article presents an entropy-stability analysis of smoothed dissipative particle dynamics (SDPD) to review the validity of
particle discretization of entropy equations in SDPD. First, we derive a form of entropy from the discretized entropy equation
of SDPD by integrating it with respect to time. We then examine the properties of a two-particle system for several cases. Our
theoretical analysis indicates that the SDPD system exhibits physically reasonable behaviour according to the entropy-stability
condition, which is confirmed to work as a stabilizer of the system in thermodynamics. Further analysis suggests that the SDPD
system reproduces ‘thermodynamic uncertainty’ under a particular condition. Consequently, the particle discretization of entropy
equations in SDPD is successfully corroborated under certain conditions. Our results are useful to deepen the understanding of
SDPD models.
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1. Introduction
The smoothed dissipative particle dynamics (SDPD), which
was proposed by Espan˜ol (2003) [1], has attracted the atten-
tion of many physicists and engineers for over a decade. The
SDPD is appropriate for simulations of mesoscale flows in
which thermal fluctuations are not negligible; the SDPD has
been acknowledged in many complex flow problems (e.g. cel-
lular blood flows [2, 3] and suspension flows including polymer
molecules [4]). By introducing conservation of angular mo-
mentum, the applicability of the SDPD to incompressible flows
has also been reported [5, 6]. Thus, the SDPD exhibits great
potential to solve many types of thermal flow problems existing
around us.
As described in the literature [1], the governing equations of
hydrodynamics with thermodynamic consistency are given as
dρ
dt
= −ρ∇ · v, (1)
ρ
dv
dt
= −∇P + η∇2v +
(
ζ +
η
3
)
∇∇ · v, (2)
Tρ
ds
dt
= φ + κ∇2T. (3)
Here, ρ, κ, η and ζ are the density, the thermal conductivity,
the sheer viscosity and the bulk viscosity, respectively. The set
of eq. (1) and eq. (2) represents the Navier–Stokes equations
and eq. (3) represents a relationship among the entropy s, the
viscous heating field φ and the temperature field T . Hereinafter,
we name eq. (3) as ‘Batchelor’s equation’, according to [7], in
this article.
Email address: tsuzuki.satori@mail.u-tokyo.ac.jp (Satori
Tsuzuki)
Because the SDPD is a kind of Lagrangian particle method,
each of eq. (1) to eq. (3) is discretized using particles in a sim-
ilar manner to smoothed particle hydrodynamics (SPH) [8, 9].
According to eq. (32) in [1], the discretized expression of the
rate of change of the total entropy S is represented as
dS
dt
=
∑
i
φi
Ti
+ κ
∑
i j
Fi j
did jTiT j
Ti j
2, (4)
φi =
(
5η
6
− ζ
2
)∑
j
Fi j
did j
v2i j
+
5
2
(
ζ +
η
3
)∑
j
Fi j
did j
(ei j · vi j)2, (5)
di =
∑
j
W(|ri j|), (6)
Ti j = Ti − T j, (7)
Fi j = F(
∣∣∣ri j∣∣∣), (8)
ei j =
ri j
|ri j|
, (9)
ri j = ri − r j, (10)
vi j = vi − v j, (11)
W(r) =
105
16pih3
(
1 + 3
r
h
)(
1 − r
h
)3
, (12)
F(r) =
315
4pih5
(
1 − r
h
)2
, (13)
and the parameter h (h > 0) is the kernel radius that determines
the interaction range between particles.
Equation (4) represents the introduction of a weighted cal-
culation depending on the positions of particles using the func-
Preprint submitted to Journal July 30, 2019
tion F. Such a discretization approach has been commonly ac-
cepted in the studies of numerical simulations in computational
physics. However, few studies have been conducted to corrob-
orate the validity of the particle discretization of Batchelor’s
equation (4) in thermodynamics from the aspects of mathemat-
ical physics.
The primary purpose of this article is to discuss the thermo-
dynamic validity of eq. (4) in SDPD, by performing entropy-
analysis according to the statistical thermodynamics. The re-
mainder of this article is structured as follows. Section 2 derives
the form of entropy from eq. (4). In Section 3, we examine the
characteristics of a two-particle system of SDPD by examining
entropy-stability conditions. Finally, Section 4 summarizes our
results and concludes the article.
2. Derivation of entropy
2.1. General case of N particles
Because the left-hand side of eq. (4) represents the time dif-
ferential of entropy, we derive the form of entropy S by inte-
grating both sides of eq. (4) over the small time.
Let us consider the case that the time t varies from t0 to τ,
and temperature Ti of the ith particle (i = 1, 2, . . . ,N) varies
from T 0
i
to T τ
i
. In eq. (4), the first term shows the sum of
the entropy of the ith particle, and the second term exhibits the
amount of joint entropy of the ith and jth particles; to be spe-
cific, the former term gives independent information, whereas
the latter term gives mutual information. Because the time t
varies continuously, each variable can be treated as a contin-
uous random variable. In particular, we can view the pair of
(Ti, T j) in the second term as jointly continuous random vari-
ables. Hence, we integrate the first term with respect to Ti and
integrate the second term with respect to both Ti and T j. Then,
we obtain∫ τ
t0
dS
dt
dt =
∫ T τ
i
T 0
i
{∑
i
φi
Ti
dT i
}
+
∫ T τ
j
T 0
j
∫ T τ
i
T 0
i
{
κ
∑
i j
Fi j
did jTiT j
Ti j
2
}
dT idT j.
(14)
By changing the order of integration and summation, eq. (14)
can be rewritten as∫ τ
t0
dS
dt
dt =
∑
i
{∫ T τ
i
T 0
i
φi
Ti
dT i
}
+ κ
∑
i j
{∫ T τ
j
T 0
j
∫ T τ
i
T 0
i
Fi j
did jTiT j
Ti j
2dT idT j
}
.
(15)
By integrating the left-hand side of eq. (15), we obtain
S (τ) = S (t0) +
∑
i
{∫ T τ
i
T 0
i
φi
Ti
dT i
}
+ κ
∑
i j
{∫ T τ
j
T 0
j
∫ T τ
i
T 0
i
Fi j
did jTiT j
Ti j
2dT idT j
}
.
(16)
Here, S (t0) indicates the initial entropy at time t0.
Before we proceed, let us specify the following principles
and premises.
• Principles. According to the third law of thermodynam-
ics, the entropy always become zero at absolute zero in
Kelvin and otherwise become positive, namely,
S ≥ 0. (17)
• Premise of constant volume. The right-hand side of
eq. (4) is approximated by the ratio of the infinitesimal
entropy ∆S to the infinitesimal time ∆t (dS/dt ≈ ∆S/∆t)
in the simulation space. Thus, we can assume that the po-
sitions of all particles are fixed during the interval of ∆t.
Because the time τ is in between t0 and t0 + ∆t, each value
of di, d j and Fi j becomes a constant value. Similarly, we
assume that the velocity of each particle does not change
during ∆t; the viscous heating field φi becomes a constant
field during ∆t according to eq. (5).
Under the premise of constant volume mentioned above,
each parameter of di, d j, Fi j and φ becomes constant. In this
case, eq. (16) can be rewritten as
S (τ) = S (t0) +
∑
i
φi
{∫ T τ
i
T 0
i
1
Ti
dT i
}
+ κ
∑
i j
Fi j
did j
{∫ T τ
j
T 0
j
∫ T τ
i
T 0
i
Ti j
2
TiT j
dT idT j
}
.
(18)
By substituting eq. (7) into eq. (18), we obtain
S (τ) = S (t0) +
∑
i
φi
{∫ T τ
i
T 0
i
1
Ti
dT i
}
+ κ
∑
i j
Fi j
did j
{∫ T τ
j
T 0
j
∫ T τ
i
T 0
i
(Ti − T j)2
TiT j
dT idT j
}
.
(19)
Finally, by performing the double integration of the third term
of the right-hand side of eq. (19) with respect to Ti and T j, we
obtain the form of entropy of SDPD at the time τ for the general
cases of N particles:
S (τ) = S (t0) +
∑
i
φiln
(
T τ
i
T 0
i
)
+
κ
2
∑
i j
Fi j
did j
Oi j,
Oi j =
{(
T τi
)2 − (T 0i )2} ln
(
T τ
j
T 0
j
)
+
{(
T τj
)2 − (T 0j )2} ln
(
T τ
i
T 0
i
)
− 4
(
T τi − T 0i
) (
T τj − T 0j
)
.
(20)
2
2.2. Specific case of two particles
Equation (20) when N = 2 can be written as
S (τ) = S (t0) + φ1ln
(
T τ
1
T 0
1
)
+ φ2ln
(
T τ
2
T 0
i2
)
+
(
κF12
2d1d2
+
κF21
2d2d1
){(
T τ1
)2 − (T 01 )2} ln
(
T τ
2
T 0
2
)
+
(
κF12
2d1d2
+
κF21
2d2d1
){(
T τ2
)2 − (T 02 )2} ln
(
T τ
1
T 0
1
)
− 4
(
κF12
2d1d2
+
κF21
2d2d1
)(
T τ1 − T 01
) (
T τ2 − T 02
)
.
(21)
Because the symmetries of di j and Fi j (i = 1, 2) can be con-
firmed from eq. (6) and eq. (8) in case of N = 2, the relation-
ships d12 = d21 and F12 = F21 are true. Hence, the constant
parameters of d, F and α can be introduced as
α :=
κF
d2
, (22)
d := d12 = d21, (23)
F := F12 = F21. (24)
Likewise, the viscous heating fields of φ1 and φ2 become equal
to each other. The parameter φ can be introduced as
φ = φ1 = φ2,
φ =
α
κ
(
5η
6
− ζ
2
)(
vi j
)2
+
5α
2κ
(
ζ +
η
3
)(
ei j · vi j
)2
.
(25)
Let us recall that the vectors of ei j and vi j become constant be-
tween t0 and t0 +∆t, because of the premise of the constant vol-
ume and the constant velocity during ∆t. By using the param-
eters from eq. (22) to eq. (25), eq. (21) can be simply rewritten
as
S (τ) = S (t0)
+
[
φ + α
{(
T τ1
)2 − (T 01 )2}
]
ln
(
T τ
2
T 0
2
)
+
[
φ + α
{(
T τ2
)2 − (T 02 )2}
]
ln
(
T τ
1
T 0
1
)
− 4α
(
T τ1 − T 01
) (
T τ2 − T 02
)
.
(26)
2.3. Characteristics of the parameter α
Let us examine the characteristics of the parameter α, as pre-
liminary work for the next section. The detailed expression of
eq. (22) is written as
α = CαΛ(r),
Cα = κ
(
315
4pih5
)(
105
16pih3
)−2
= const.,
Λ(r) =
(
1 − r
h
)2
(
1 + 3 r
h
)2(
1 − r
h
)6 .
(27)
Figure 1: Function of Λ(r).
Here, Cα > 0 because of κ > 0. Figure 1 shows the function
of Λ(r) in eq. (27). Here Λ(r) is confirmed to become an in-
creasing function after r/h > 1/9, and become larger than zero
within the range of 0 ≤ r/h ≤ 1. Hence, the resulting α be-
comes positive within 0 ≤ r/h ≤ 1 because of κ > 0 and
Λ(x) > 0:
α > 0. (28)
Note that the function Λ(x) becomes discontinuous for r/h ≫
1. Nevertheless, it does not cause any problem because the re-
gion of r/h ≫ 1 is not referred to in the SDPD.
In the next section, we discuss the characteristics of a two-
particle system of SDPD regarding the thermodynamic validity
by examining entropy-stability conditions.
3. Entropy-stability analysis
3.1. Derivation of entropy-stability conditions
Donate the number of particles as N, the volume of the sys-
tem as V , and the internal energy as U. Under the conditions of
the constant volume process and the fixed number of particles
(N = V = const.), the entropy-stability condition is given as
∂2S
∂2U
|V,N ≤ 0. (29)
For details on the derivation of eq. (29), refer to [10].
Let us impose the condition of eq. (29) to the entropy S in
eq. (26). The left-hand side of eq. (29), the second-order partial
derivatives of the entropy S by the internal energy U, is calcu-
lated by the following processes. First, we derive the first-order
partial derivatives of S by the temperature T τ
1
and T τ
2
as
∂S
∂T τ
1
= 2αT τ1 ln
(
T τ
2
T 0
2
)
+
[
φ + α
{(
T τ
2
)2 − (T 0
2
)2}]
T1
− 4α
(
T τ2 − T 02
)
,
(30)
3
∂S
∂T τ
2
= 2αT τ2 ln
(
T τ
1
T 0
1
)
+
[
φ + α
{(
T τ
1
)2 − (T 0
1
)2}]
T2
− 4α
(
T τ1 − T 01
)
,
(31)
∂
∂T τ
2
(
∂S
∂T τ
1
)
= 2α
(
T τ
1
T τ
2
+
T τ
2
T τ
1
− 2
)
, (32)
∂
∂T τ
1
(
∂S
∂T τ
2
)
= 2α
(
T τ
2
T τ
1
+
T τ
1
T τ
2
− 2
)
, (33)
∂
∂T τ
2
(
∂S
∂T τ
1
)
=
∂
∂T τ
1
(
∂S
∂T τ
2
)
, (34)
∂
∂T τ
1
(
∂S
∂T τ
1
)
= 2αln
(
T τ
2
T 0
2
)
+
−
[
φ + α
{(
T τ
2
)2 − (T 0
2
)2}]
T 2
1
,
(35)
∂
∂T τ
2
(
∂S
∂T τ
2
)
= 2αln
(
T τ
1
T 0
1
)
+
−
[
φ + α
{(
T τ
1
)2 − (T 0
1
)2}]
T 2
2
.
(36)
The heat capacity CV under an isochoric process is given by
∂T τ
i
∂U
|V =
dT τ
i
dU
|dV=0 =
1
CV
(i = 1, 2). (37)
Meanwhile, the left-hand side of eq. (29) is rewritten as fol-
lows [10]:
∂2S
∂2U
|V,N =
(
∂2S
∂T τ
1
2
)(
∂2T τ
1
∂U
)2
+ 2
∂
∂T τ
1
(
∂S
∂T τ
2
)(
dT τ
1
dU
)(
dT τ
2
dU
)
+
(
∂2S
∂T τ
2
2
)(
∂2T τ
2
∂U
)2
.
(38)
Using eq. (30) to eq. (38), we obtain the entropy-stability con-
dition as follows:
1
CV
2
[−{φ + α ((T τ2 )2 − (T 02 )2
)}
T 2
1
+
−
{
φ + α
((
T τ
1
)2 − (T 0
1
)2)}
T 2
2
+ 4α
{
1
2
ln
(
T τ
1
T 0
1
)
+
1
2
ln
(
T τ
2
T 0
2
)
+
T τ
2
T τ
1
+
T τ
1
T τ
2
− 2
}]
≤ 0,
(39)
=⇒
.
.
.
φ + α
((
T τ
2
)2 − (T 0
2
)2)
T 2
1
+
φ + α
((
T τ
1
)2 − (T 0
1
)2)
T 2
2
− 4α
{
1
2
ln
(
T τ
1
T 0
1
)
+
1
2
ln
(
T τ
2
T 0
2
)
+
T τ
2
T τ
1
+
T τ
1
T τ
2
− 2
}
≥ 0.
(40)
3.2. Theoretical analyses with case studies
Let us consider a case where the locations of two particles
are close enough to be approximated by a linear relationship,
which is expressed as
T τ2 = bT
τ
1 , T
0
2 = bT
0
1 , b > 0. (41)
By substituting the right-hand side of the two equations in
eq. (41) into eq. (40), we obtain
α f (b,C)T τ1 ≥ α(b4 + 1)T 01 − φ(b2 + 1), (42)
where
f (b,C) = b4 − 4b3
+ (8 − 4C)b2 − 4b + 1,
C := ln
(
T τ
1
T 0
T1
)
.
(43)
Owing to α > 0, the sign of the left-hand side of eq.(42) is
determined by the sign of the function f (b,C). Figure 2 shows
a contour plot of f (b,C). The function f (b,C) increases as the
parameter b increases where C = 0, whereas it decreases as
the parameter b increases where C ≫ 0. It is confirmed that
there exist critical values Cc where the value of the function
f (b,C) = 0. Therefore, the stability condition is distinguished
by the function f (b,C) as
f (b,C) ≥ 0 T τ
1
≥ α(b
4
+1)T 0
1
−φ(b2+1)
α f (b,C)
,
f (b,C) ≤ 0 T τ
1
≤ α(b
4
+1)T 0
1
−φ(b2+1)
α f (b,C)
.
(44)
When the parameter b is sufficiently close to 1 (that is, the tem-
perature gradient between two particles is moderate), eq. (44)
works as a stabilizer of the system; it gives the maximum tem-
perature limit as T τ
1
increases and reaches the high-temperature
area where f (b,C) ≤ 0, whereas it gives the minimum tempera-
ture limit as T τ
1
decreases and reaches the low-temperature area
where f (b,C) ≥ 0, for stabilization of the system. Meanwhile,
when the parameter b is sufficiently close to 0 (that is, the tem-
perature gradient between two particles is steep), f (b,C) be-
comes positive at everywhere, and therefore the upper part of
eq. (44) is required as the stability condition.
4
Figure 2: Fourth-order function of f (b,C) exhibited in eq. (43).
To deepen the discussion on this issue, we draw a visual rep-
resentation of the case of f (b,C) ≥ 0 in eq. (44). In the right-
hand side, the numerator must be equal or larger than zero be-
cause the denominator is positive because of α > 0, f (b,C) ≥
0. Then, we need
α(b4 + 1)T 01 − φ(b2 + 1) ≥ 0. (45)
By replacing b2 with the parameter X, we obtain
α(X2 + 1)T 01 − φ(X + 1) ≥ 0, X = b2. (46)
When the equals sign holds, we obtain the solutions of X1 and
X2 as
X1 =
λ +
√
λ2 + 4λ − 4
2
,
X2 =
λ −
√
λ2 + 4λ − 4
2
,
λ =
φ
αT 0
1
.
(47)
Figure 3 shows the dependencies of X1 and X2 on the parameter
λ. The solution of X1 is valid when λ ≥ 2 32 −2 and is confirmed
to satisfy X1 > X2 at everywhere. Meanwhile, the solution of
X2 is valid only when 2
3
2 − 2 ≤ λ ≤ 1. Hence, by substituting
the expressions in eq. (47) into eq. (46), we obtain the following
conditions:
b ≥
√
λ +
√
λ2 + 4λ − 4
2
, λ ≥ λ0,
b ≤
√
λ −
√
λ2 + 4λ − 4
2
, b > 0, λ0 ≤ λ ≤ 1,
λ0 := 2
3
2 − 2.
(48)
Figure 4 exhibits the classification of the state of the SDPD
system determined by the parameters b and λ. In area (b), the
SDPD system does not satisfy the entropy-stability condition
because the right-hand side in eq. (44) does not establish it in
the first place. In contrast, in areas (a) and (c), the SDPD system
satisfies the entropy-stability condition as long as the inequality
Figure 3: Dependencies of X1 and X2 on the parameter λ.
Figure 4: Classification of the state of the SDPD system determined by the
parameters b and λ when f (b,C) ≥ 0.
relationship in eq. (44) is satisfied. It should be noted that the
state in each area in fig. 4 is reversed for f (b,C) ≤ 0 at high
temperature.
Next, let us consider a case where the coefficients of the sec-
ond and third terms of eq. (26) become zero:
φ + α
{(
T τ2
)2 − (T 02 )2} = 0, (49)
φ + α
{(
T τ1
)2 − (T 01 )2} = 0. (50)
Equation (49) and eq. (50) directly lead to
T τ1 =
√(
T 0
1
)2 − φ
α
, (51)
T τ2 =
√(
T 0
2
)2 − φ
α
. (52)
In this case, we can rewrite eq. (26) as
S (τ) = S (t0) − 4αβγ, (53)
α :=
κF
d2
, (54)
β :=
√(
T 0
1
)2 − φ
α
− T 01 , (55)
5
γ :=
√(
T 0
2
)2 − φ
α
− T 02 . (56)
Note that eq. (54) is a duplicate of eq. (22). From eq. (53) and
the premise of eq. (17), we obtain the following relationship:
S (τ) = S (t0) − 4αβγ ≥ 0, (57)
.
.
. S (t0) ≥ 4αβγ. (58)
The right-hand side of eq. (58) indicates the minimum entropy
at the initial time t0.
Here, the state of the system can be distinguished by the con-
stant viscous heating field φ, as follows.
• When φ , 0,
the relationships βγ > 0 and α > 0 are true. Hence, the
value of the entropy of 4αβγ on the right-hand side of
eq. (57) is always positive. Using the notation of mathe-
matical logic, we can describe this relationship as follows:
for all the cases of (α, β, γ), at least a parameter δ (> 0)
exists,
∃δ > 0, 4αβγ > δ. (59)
Because the parameter α is a function of the relative posi-
tion r and the parameter βγ is a function of the tempera-
ture T , eq. (59) can be represented by replacing α with the
function of f (r) and replacing βγ with the function of g(T )
as
∃δ > 0, f (r)g(T ) > δ
4
. (60)
Equation (60) suggests that a ‘thermodynamicuncertainty’
relation between the position function f (r) and the tem-
perature function g(T ) can be reproduced in the system
described by SDPD for N = 2.
• When φ = 0,
the relationship of β = γ = 0 is true. Hence, the value
of 4αβγ on the right-hand side of eq. (57) becomes zero.
Then,
φ = 0 =⇒ S (τ) = S (t0). (61)
The entropy-stability condition can be simplified for φ = 0
as follows: because the relationship T τ
i
= T 0
i
(i = 1, 2)
is true, the first term, the second term, and the logarithm
functions on the left-hand side of eq. (40) vanishes. Owing
to α > 0, we obtain the stability condition as(
T 0
2
T 0
1
+
T 0
1
T 0
2
)
≤ 2. (62)
Equation (62) is the stability condition of the entropy S
at time t0. Figure 5 shows the function Z = 2, and the
contour plot of the function Z(T 0
1
, T 0
2
) that exhibits the left-
hand side of eq. (62). It is confirmed from fig. 5 that the
initial state at the time t0 is stable only when T
0
1
= T 0
2
at
which point the temperature gradient becomes zero; this is
consistent with fundamental statistical thermodynamics.
Figure 5: Stability condition of entropy S at the initial time t = t0 .
4. Conclusion
In this article, we have performed an entropy-stability anal-
ysis of SDPD to evaluate the particle discretization of entropy
equations exhibited in SDPD. First, we derived a form of en-
tropy from the discretized entropy equation of SDPD by inte-
grating with respect to time. Then, we examined the properties
of a two-particle system for several cases.
Our theoretical analysis has found that the SDPD system
exhibits physically reasonable behaviours according to the
entropy-stability condition, which has been confirmed to work
as a ‘stabilizer’ of the system in thermodynamics. Namely,
the stabilizer gives a maximum temperature limit as the system
reaches the high-temperature area, and it gives a minimum tem-
perature limit as the system reaches the low-temperature area.
Our further analysis has suggested that the SDPD system re-
produces ‘thermodynamic uncertainty’ under a particular con-
dition.
It is meaningful that we theoretically analyse the two-particle
system because such a system with a small number of particles
cannot be simulated owing to the lack of numerical accuracy.
In that sense, our analysis in this study can be regarded as a
‘thought experiment’. Consequently, the particle discretization
of entropy equations in SDPD is successfully corroborated un-
der certain conditions. Our results are useful to further the un-
derstanding of SDPD models.
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